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ABSTRACT 
Let F, be a free group on a countable set {XI, x2, .} and V be a variety of groups, defined by the set 
of outer commutators V, in the free generators xi’s, 
The paper is devoted to give the complete structure of a V-covering of V-perfect groups. Fur- 
thermore necessary and sufficient conditions for the universality of a U-central extension by a group 
and its V-covering group will be presented. 
1. NOTATIONS AND PRELIMINARIES 
Let F, be the free group with the set of free generators {xi, x2, x3, . . .}. The 
commutator [x, y] and the conjugate xy of elements x, y in a group are defined 
by x-‘y-‘xy and y-‘xy, respectively. The outer commutators are defined in- 
ductively as follows. The word xi is an outer commutator word (henceforth 
o.c.word) of weight one. If u = #(xi,. . . ,x3) and w = w(x,+i,. ,x$+~) are 
o.c.words of weights s and t, respectively, then 
W(XI,~..rxS+t) = [~(XI,...,X,),‘U(X,+l,...,X,+r)l 
is an o.c.word of weight s + t. 
If G is any group, then y,(G) = [G, . . . , G] (G is repeated c times) denotes the 
cth term of the lower central series of the group G. Other notations are standard 
or due to [3]. 
* This work has been supported financially by tpM-center in Tehran, Iran. 
537 
Let V be a variety of groups defined by the set of laws V c F, and let G be any 
group with a free presentation 
l-+R+F+G--+l. 
where F is a free group. Then the Baer-invariant of G, with respect o the variety 
V, denoted by I/M(G), stands for the group 
R n V(F) 
[RV*F] ’ 
where V(F) is the verbal subgroup of F and [R V’F] is the least normal sub- 
group of F contained in R generated by 
{?J(fi i . ..,h-l,f;:r ,..., fs)(w(fi ,..., fs))-‘(r~R,f;:~F,lIi~s,v~v,s~N}. 
(See [2, p. 1031 and [3] for the notion of variety of groups.) 
It holds that the Baer-invariant of the group G is always abelian and in- 
dependent of the choice of the presentation of G. (See [2, p. 107, Lemma 1.81.) 
In particular, if successively V is the variety of abelian or nilpotent groups 
NC, say, of class at most c (c > l), then the Baer-invariant of the group G will be 
R n F’/[R, F] (which by I. Schur [4] is isomorphic to the Schur-multiplicator 
M(G) of G), or R rl re+l(F)/[R,,F] (denoted by ni,M(G)), where [R, rF] is 
[R, F, . . , F] (F being repeated c times), respectively. 
For a given variety V, a V-stem cover of a group G is an exact sequence 
1 -+ A + G’ -+ G + 1 such that A G V(G*) n V*(G*) and A ” VM(G), where 
V * (G *) is the marginal subgroup of G *. In this case the group G * is said to be a 
V-covering group of G. 
# 
The exact sequence E : 1 + A --f H + G -+ 1 is called a V-central extension 
by G, if A C V*(H) and H/A g G. We say that the V-central extension E covers 
(uniquely covers) another V-central extension El : 1 + A1 -+ HI 2 G + 1, if 
there exists a homomorphism (or a unique homomorphism) 0 : H -+ HI such 
that the following diagram commutes 
4 
E:l-A-H-G-1 
El : 1 + Ai 
$ 
-HI-G - 1, 
where the homomorphism A + AI is the restriction of 8. 
The V-central extension E is called universal, if it covers any V-central ex- 
tension by the group G. 
Finally we call the group G, V-perfect, if G = V(G). 
We maintain all the above notations throughout the rest of the paper. 
The following lemma can be easily proved 
Lemma 1.1. Let V be an arbitrary variety of groups and G be a V-perfect group. 
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Then EO : 1 --) 1 + G 2 G + 1 is a universal V-central extension if and only tf 
every V-central extension by G splits. 
The following technical lemma shortens the proofs of the results of Section 2 
considerably. 
Lemma 1.2. Let V be any variety of groups, defined by the set of laws V, and let 







Zf El and E2 are universal V-central extensions, then there is an isomor- 
HI + Hz that carries A1 onto AZ. 
Zf El is a universal V-central extension, then HI and G are both V-perfect. 
Zf HI is V-perfec;, then El covers E2 if and only tf El uniquely covers E2. 
Zf 1 2 1 + H -+ G -+ 1 is a universal V-central extension, then so is 
+G2G+1. 
Proof. (i) Let 81 : HI + H2 and 02 : H2 + Hi be homomorphisms satisfying 
42 o 13~ = 41 and $1 o 02 = 42. Then 41 o (64 o 01) = 41 and thus 02 o 01 = 1~~. 
Similarly 01 o O2 = 1~~’ whence the result. 
(ii) Consider the following V-central extension 
H 





where $(a, b) = 41 (a), f or all a E H, and 6 E H/V(H). Define homomorphisms 
H 
ei : H - H ’ J’(H) 
- (i= 1,2) 
by e,(h) = (h, 1) and 02(h) = (h, hV(H)) f or all h E H. Hence $ o 8i = 41. So 
01 = 02, whence H = V(H). It also follows that G = V(G), that is to say H and 
G are V-perfect. 
(iii) Assume Oi : HI + Hz (i = 1,2) are homomorphisms in such a way that 
42 o 81 = 41 = 42 o 02, then there exists a homomorphism f : HI + V’(H2) 
given by f (x) = 01 (x)&(x)-‘, for all x E H. Now using the marginal property, 
one obtains f(H) = f (V(H)) = f (1) = 1 which implies 81 = 02. This proves 
that El uniquely covers E2. 
(iv) By the ;ssumption and part (ii) it follows that H and G are V-perfect. If 
1 -+ A -+ G* + G 4 1 is a Y-central extension of A by G, then there exists a 
homomorphism (Y : H 4 G* such that 4 = + o CY. Hence Q o 4-l is a homo- 
morphism from G onto G’ such that 1c, 0 (a 0 $-I) = lo. Thus the above exten- 
sion splits. 0 
Clearly the free presentation 1 + R + F : G + 1 of the V-perfect group G 
provides the natural exact sequence 




and so G = rr*(I/(F/[RV*F])). Therefore we can restrict 7r* to V(F)/[RV*F] 
and obtain 




which can be shown to be a V-central extension of G, where 7r* 1 is the restriction 
of lr*. 
Using the marginal property, one may prove the following useful lemma. 
Lemma 1.3. Let 1 -+ R -+ F + G --+ 1 be a jiee presentation of an arbitrary 
group G and 1 -+ A + B -+ C ---f 1 be a V-central extension of a group C 
and Q : G + C be a homomorphism. Then there exists a homomorphism 
p : F/ [R V *F] --+ B such that the following diagram is commutative 
1 - R/[RV*F] - F,‘[RV”F] + G - 1 
1 PI 1 B 1 
u 
l- A - B --+C - 1. 0 
2. THE MAIN RESULTS 
Let V be the variety of groups defined by the set of o.c.words V, then R.F. 
Turner-Smith [5, Theorem 2.31 showed that the marginal subgroup of any group 
G with respect o the variety V is of the following form 
v*(G)={a~GI’~(gl,...,gi-l,a,gi+~,...,g,)=l, 
1 5 i 5 n, gi E G, VU E V, n E N). 
It follows that the normal subgroup [RV*F], which appears in the Baer-in- 
variant of a group G has the following form 
[RV*Fl = (u(fl,. . . ,.Ll,r,.h+lr. ..,fs)l1Liin,h,. . . ,fs E F, r E R, s E N). 
This fact will be used without further reference. 
The following theorem gives one of the main results of the paper. 
Theorem 2.1. Let V be the variety of groups defined by o. c. words V, and G be a 
V-perfect group with a free presentation G E F/R. Then V(F)/[RV*F] is a 
V-covering group of G, which is V-perfect and 




is the universal V-central extension. 
Proof. To show that V(F)/[R V *F] is a V- covering group of G, we must prove 
that 
540 
R n V(F) 
[RV*F] ” 
V(F) 
( 1 [RV*F] ’ 
but it is enough to show that V(F)/[RV*F] is V-perfect, or equivalently 
V(V(F))[RV*F] = V(F). 
Clearly V(V(F))[RV*F] C V(F). S o we only need to show the other con- 
tainment. Now from G = V(G) we obtain F = V(F) R. Thus every f E F can 
be expressed as 
f=gr 
where g E V(F) and Y E R. So every generator of V(F) can be written as follows 
U(fl?‘. . ,fs) = QlQ,. . ,WJ), 
where gi E V(F) and Ti E R, for 1 5 i I: s. Since V is the set of o.c.words, it 
implies that in expanding the above commutator, we get 
v(g1r1,. . . ,gsrs) = ii ~i(g;‘~...,g,~)fi vj(Yl,...,Ys), 
i=l j=l 
wherext ,..., x,,yt ,... , y, E F with at least one yt E R, 1 5 t < S. This implies 
that vi(g;y’ , . . . ,g:) E V(V(F)) for 1 5 i 5 m, and vj(yt,. . . , y,) E [RV’F], for 
1 5 j 5 n. Hence V(F) 2 V(V(F))[RV*F]. Thus V(F)/[RV*F] is a V-cover- 
ing group of G. 
Now to show the universality, let 
l--+A~H--+G-+l 
be any V-central extension by the group G. Then by Lemma 1.3 it is covered by 
the extension 
--+G--+l. 
Thus this must also be covered by 




Finally using Lemma 1.2(iii), it follows that the above extension is uni- 
versal. q 
The above theorem has the following consequences that are interesting on their 
own account. 
In the following, the variety V is taken as in Theorem 2.1. 
Corollary 2.2. Zf 1 + A + G* + G -+ 1 is a universal V-central extension, then 
A % VM( G) and G* is a V-covering group of G. 
Proof. This follows immediately from Theorem 2.1 and Lemma 1.2(i). q 
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Corollary 2.3. If V = NC and G is an NC-perfect group (i.e. G = yC+ I (G), and 
G = F/R), then 
(4 x+I(F)/[R,~FI 1s an NC-covering roup of G, which is NC-perfect and the 
NC-central extension 





(b) Zf 1 -+ A + G* + G ---) 1 is a universal NC-central extension, then A z 
N,M(G) and G” is an NC-covering group of G. 
Corollary 2.4. Let the variety V be as in Theorem 2.1, and G be a V-perfect group. 
Zf V&l(G) is trivial, then every V-central extension by G splits. 
Proof. The proof is carried out by using Theorem 2.1, Lemma 1.2(iv) and 
Lemma 1.1. 0 
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